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Nodal Integration for EFG:

e First proposed by Beissel/Belytschko — 1996.
« Thestrong form of linear elastostatics:
Vo+b=0 inQ

¢ u=u onl,

on=t onT,

.

 Thetotal potential energy of the system can be written as:

I(u, A) = jg%e o Q- [ubdQ- [ufdl + [ A(u-m)dn

{u an arbitrary C?functionon Q

A aCfunctionon T,



Nodal Integration for EFG:

o Thisformulation is not stable when the integrals of the
variational form are evaluated by a scheme which samples the
Integrands only at nodes.

O = j@&m dQ — L&ubdsz ! jFaut‘dr + L SA.(u—-T)drl + jr/l.é“udl“




Nodal Integration for EFG:

* Inthisformulation, the instability can be eliminated by adding a
stabilization term to the functional.

o The stabilization term consists of the square of the residual of
the equilibrium equation:

I, (u,A) =TI(u, A) + aéf L (@.a(u) + b)2 do

Dimensionless stabilization parameter
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|C A characteristic length scale of the discretization or nodal
arrangement, e.g. average distance to the nearest node.

E  Young'smodulus



Nodal Integration for EFG:

 Equivalent variational form:

I, (u,A) =TI(u, A) + aéf L (@.a(u) + b)2 do

A1 (u,8U, A, 64) = 'Q(sga(u)dgz » jg(i;bdgz - | sutdr

+( oA.(u —U)dF+j/1.deF
Jr, T,
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Nodal Integration for EFG:

 Theinstability is manifested by spurious short wavelength
modes.

e An oscillatory mode with a wavelength of two times the
nodal spacing isnearly singular, because its first derivatives
almost vanish at the nodes.

o L Sec(u)dQ consists of first derivatives, however, nodal
sampling does not adequately reflect the energy of the short
wavel ength mode, and its contribution to the stiffness
matrix is severely underestimated.

e Asaresult, the eigenvalue of the strain energy stiffness
matrix which corresponds to the short wavelength mode is
nearly zero.



Nodal Integration for EFG:

e Thestabilization term
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Include second derivatives of the displacement. The second
derivatives of the short-wavelength modes are not small at the
nodes, and therefore, nodal integration of the stabilization term
does not underestimate this mode.

« Theminimum value of the stabilization term occurs for the
same function that gives a stationary value of TI(u,4).

 The stabilization term, isaweighted residual of the governing
equation.

« II and Il represent ahybrid formulation designed to meet
the needs of nodal integration.



Nodal Integration for EFG:
 Thetrial and test functions are expanded in the ML S basis,

u
u"(x) =+ ux .= d(x)d " = d(X)d
. y)
h rj'X\ h
A (x):</1 = N(X)A oA" = N(X)oA
ey

Nodal components (not displacements) d'and Lagrange multiplier vector A
Tigy e
d _{dlx d1y d2x d2y dnx dny}
T
N = Ay Ao doy o Ay Ay

e Shape functions:

®=lg ¢ - 9]
N=[N, N, - N




Nodal Integration for EFG:

e [For 2D continuum,
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Nodal Integration for EFG:
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Nodal Integration for EFG:
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Nodal Integration for EFG:

e Thevariational weak form then becomes,

ol 'Q(BTCBd —®"b)dQ - " LCDTt_dF+
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« Forarbitrary &d ,0A:
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Nodal Integration for EFG:

K+K, G[d]| [f +f ]|
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Nodal Integration for EFG:

By sampling the integrands only at nodal points:
K =>"g"B" (x)C(%)B(X)
=1

K =252y 7D (4)C7 (% )C'(%)D(x)

G =Y 0" (x)N(X)
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Nodal Integration for EFG:
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Nodal Integration for EFG:

AQ = thetotal area

L, =theradiusof the circular support of the weighting function
associated with node /

L~ = thetotal length of the essential boundary

L. =thetotal length of the natural boundary
t

-

1 :interior nodes

fm = the fraction of the support which liesin € <0.50 : nodeson astraight edge

|0.25 : nodes on right corner

fru | =thefraction of 2,0, the essential boundary coversin the support of
the weight function W/

frt | =thefraction of 20, the natural boundary coversin the support of
the weight function W/



Nodal Integration for EFG:

Alternative formulae for CI.Q
This aternative may be more suitable for large meshes

The components are evaluated from a mass-like matrix (row-sum
scheme)

Chg = Z M,
My = |6 (065 (dQ

M’ ; is evaluated by using a domain quadrature scheme such as
cellsin EFG.

The method ensures the conservation of the total area (volume)
of the domain:

> gr=0
I



Nodal Integration for EFG:

1.

The full Gaussian integration is more accurate and displays a
higher rate if convergence than nodal integration.

The accuracy of stabilized nodal integration is significantly
lower than the complete Gaussian integration.

“the price of the increased speed and smplicity’

As ¢ increases, the error converges to the value associated with
least square term, which is less accurate than the Galerkin
formulation.

The un-stabilized equations are not singular, and they are
Invertible. However, they are nearly singular and may produce
oscillatory solutions.



Nodal Integration for EFG:

5. Dueto its approximate nature, it may be proposed to use an
approximation to the calculations of the derivatives of the shape
functions:

1. By dropping the derivatives of A~ and Bin the expansion for
the derivatives of the shape functions (ssimilar to the Diffuse
Element Method — DEM).

2. The method ignores the dependence of g/x) on x; ignoring
the ‘moving’ part of the ML S shape functions.

3. The approximation can substantially save time in explicit
dynamic computations.

4. The additional errors are significant, and ignoring a,and a,;
IS not recommended.



Nodal Integration for EFG:

6. The stabilization procedure may decrease accuracy if the original
solution does not contain the unstable mode.

7. Effective extension of the stabilization method to nonlinear
dynamics still requires some substansive developments.






